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D E V E L O P M E N T  O F  I N I T I A L  P E R T U R B A T I O N S  

O F  T H E  E X T E R N A L  B O U N D A R Y  O F  AN E X P A N D I N G  

G A S  - L I Q U I D  R I N G  

S.  V. S t e b n o v s k i i  UDC 532.529 

In studies of su r face  phenomena re la ted  to underwater  explosions,  in pa r t i cu la r ,  in studying the p ro ce s s  
of splash dome format ion ,  the development  of per tu rba t ions  in the initiM stage of f ree  su r face  motion is of 
in teres t .  A convenient model  to use in such studies is that  of the flow occurr ing  upon explosion of a cyl indrical  
charge  in a cyl indrical  liquid ring, where  the f ree  sur face  f o r m  coincides with that of the charge .  The stabi l i ty  
of an expanding liquid r ing has been cons idered  in a number  of s tudies .  

Thus,  assuming an ideal i ncompress ib l e  liquid, [1] cons idered  the s tabi l i ty  of initial pe r tu rba t ions  of a 
thin liquid ring expanding iner t ia l ly .  It was  shown that in the genera l  case  such motion is unstable;  introduction 
of su r face  tension has a stabil izing effect  on ha rmon ics .  But in the case  where  the liquid motion takes  place 
under the s t imulus  of impulse loading, commencemen t  of liquid mot ion is preceded by exit of a shock wave 
onto the liquid su r face ,  as a resul t  of which the ref lec ted  unloading wave des t roys  the continuity of the liquid 
medium.  Thus in this case  the validity of using s tabi l i ty  e s t ima te s  obtained in p rob lems  concerning expansion 
of a continuous liquid ring is quest ionable .  

The p resen t  study is an exper imenta l  investigation of the development  of initial pe r tu rba t ions  on the ex-  
te rnal  sur face  of an expanding g a s - l i q u i d  r ing.  Such a flow was  rea l i zed  in the following manner .  Along the 
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axis of symmet ry  of a cylindrical  liquid volume 1 (Fig. 1) a cylindrical  charge 2 was placed (electrical de to-  
nator  EDV-1) i the eharge radius R02 (0) -- 0.35 cm; the initial radius of the external surface of the liquid cylinder 
R01 (0) was varied over the range 3-~ m =R01 (0)/R0~ (0)-< 10; p is the liquid density and ~ its surface tension eo- 
efficient. The liquids used were  water  and glycerine.  The initial length of the liquid cylinder H =3 cm. The 
cylinder ended in rigidly mounted mass ive  steel disks 7 cm in radius.  The outer cylinder surface was formed 
by a thin paper shell. 

The initial stage of liquid expansion was recorded with an SFR-1 high-speed photorecorder~ For  this 
purpose the steel face disks confining the cylindrical volume were  provided with t ransparen t  slit windows. 
Figure 2 shows the initial stage of the p rocess .  It is evident that immediately after charge explosion and shock 
wave exit to the free surface the liquid medium becomes opaque because its s t ructure  is disrupted - continuity 
is destroyed behind the front of the converging cylindrical  unloading wave. In the very f i rs t  stage of expansion 
of the g a s - l i q u i d  layer  thus formed on the free surface One can see a growth in initial per turbat ions.  The con- 
tinuation of this p rocess  was recorded with a Pentazet-16 motion-picture  camera .  

Thus, expansion of the gas - l iquid  l aye r  is caused by the initial velocity imparted to the liquid after  exit 
onto its surface of the shock wave, and also by expansion of the explosion bubble; braking of the l ayer  occurs  
due to interaction with the surrounding air  medium. 

In Fig. 3a-f  a graph of expanding gas - l i qu id  ring radius versus  t ime is shown, together  with photographs 
of the developing perturbations on the external surface,  for the case of a water  cylinder m = 5. The exposures 
b-f  correspond to t imes t --0, 0.5 "10 -~, 10 -~, 2 "10 -3, 3 �9 10 .3 seco The second f rame shows an enlargement of a 
portion of the g a s - l i q u i d  l ayer  in which high-frequency perturbations can be seen. It is evident f rom the photo- 
graphs that initially when the layer  expansion rate is very high, perturbations develop on its surface over a 
wide frequency range.  But then the expansion rate falls off rapidly and the development of high-frequency 
perturbations is suppressed.  The charac te r  of perturbation development is s imi lar  in other cases .  Figure 4 
shows the radius of the g a s - l i q u i d  layer  as a function of t ime:  1, glycer ine cylinder m =10; 2, water  cylinder 
m = 1 0 ,  3, g lycer ine  cylinder m---3; 4, water  cylinder m = 3 .  Figure 5 shows the corresponding motion-picture  
f rames  of perturbat ion development on the surfaee of the expanding gas - l i qu id  l aye r s :  a, c, glycerine;  b, d, 
water .  It follows f rom analysis of the curves and photographs that the l a rge r  the value of m, the slower the 
expansion rate rai ls  off and the weaker  the damping of hlgh-frequency per turbat ions .  If we compare the pe r tu r -  
bation development of water  and glycer ine at identical m values, the water  shows a higher frequency charac ter .  

Since analysis of the photographs and curves shows that with decrease  in l ayer  expansion rate the f r e -  
quency of the perturbat ions which develop decreases ,  and moreover ,  it is known that surface tension is always 
a stabilizing factor  in perturbat ion development, it will be of interest  to analyze the behavior of perturbations 
as a function of the dimensionless pa ramete r  W =w r (t)/[~/Roi g)], which charac te r i zes  the rat io of inertial 
to capil lary fo rces .  Here the mean (over volume) density of the g a s - l i q u i d  layer  co ~) is defined as the rat io 
of the mass  of the original cylindrical  liquid layer  to the current  volume of the expanding gas - l i qu id  ring ~q (t) 
and the  density of the a i r  component Pa: w(t)~ 7r r 2 _ 2 p ~R0l(0 ) R02(0) x H/~ (t) +Pa~ The value of ~ (t) is measured  ex- 
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pers  f r o m  the mot ion-p ic tu re  f r a m e s ,  in which the expansion p roce s s  was photographed in two p r o -  
ject ions .  Each f r a m e  of Fig. 5 shows the value of W{t) calculated in this manne r .  It is evident f r o m  Fig. 5 
that the p a r a m e t e r  W It) does in fact c h a r a c t e r i z e  the behavior  of the pe r tu rba t ions -  As it d e c r e a s e s  the f r e -  
quency of pe r tu rba t ions  on the outer  sur face  of the gas - l iqu id  l aye r  d e c r e a s e s ;  the highest ra te  of dec rea se  
of Wit) with t ime  occurs  in the a i r - w a t e r  l aye r  with m =3, and this case  shows the mos t  rapid damping of 
h igh- f requency  per tu rba t ions ;  the lowest  ra te  of d e c r e a s e  of Wit) occurs  in the a i r - g l y c e r i n e  l aye r  with m = 
10, and in this  case  the per tu rba t ions  of the ring sur face  show the highest  f requencies  

The p a r a m e t e r  W (t) can be wr i t t en  in the f o r m  

W (t) -- g/Ro~ (t) = "2o/nol (0) 2~n01 (0) p~0~l (0)/2 =4We ~ - -  4WeF.(t)~ (1) 

where  We = [pI~21 (0)/2]/[2g/R01 (0)] is the Weber  number ,  cha rac te r i z ing  the ra t io  of the speci f ic  kinet ic  energy  
in the liquid ring to the f r ee  sur face  ene rgy  at the initial moment ;  E It) is the kinetic energy  of a su r face  l aye r  
of uuit th ickness  with a mean  densi ty  over  volume of co. Thus, the c h a r a c t e r  of development  of the initial p e r -  
tu rba t ions  of the outer  sur face  of the expanding g a s - l i q u i d  l aye r  is defined by the ra t io  of iner t ia l  and cap i l l a ry  
f o r c e s .  

It is of in teres t  to compare  the m e c h a n i s m s  of initial per turba t ion  development  on the outer  su r faces  of 
expanding g a s - l i q u s  r ings and r ings  of an ideal incompress ib le  liquid. For  this purpose  an analyt ical  evalu-  
ats was  made of the upper  f requency l imi t  of exponential ly increas ing  perLurbats of an expanding liquid 
r ing in the initial t ime  per iod.  

In a po la r  coordinate  s y s t e m  r ,  cp, fixed to the point (Fig. 1), at t ime  t = 0  on the radii  of the inner and 
outer boundar ies  of the liquid ring Roi (0) the re  a r e  imposed per tu rba t ions  ~[ (0, <g), such that l~i (0, ~o)t <<Roi(0), 
i =1, 2. Expansion of the liquid ring is produced by both the p r e s s u r e  difference Pl-P2,  where  Pi is the a t -  
mospher i c  p r e s s u r e  on the outer  rh~g sur face ,  and P2 =P2 0Ro2(t)) is the p r e s s u r e  on the inner sur face ,  and by 
the initial m a s s  veloci ty u(0, r)u(0, R01(0 )) =]~01(0)). 
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F o r  such  a flow the  potent ia l  boundary  p r o b l e m  with f r e e  mob i l e  b o u n d a r i e s  wi thout  c o n s i d e r a t i o n  of 
g r a v i t y  can be  w r i t t e n  in the  l i n e a r  a p p r o x i m a t i o n  as  

A~(t, r, q~)= O; 

O~ ,-=R~ " 00  I ' ~  ~'~; 0"--7 ~ BD -5"7 ,=~,~ 

(2) 

(3) 

s 

Bi(t, q~)= Bo,(t)+ ~(t, q~), i =  t, 2, (5) 

w h e r e  r162  r ,  r  is the  ve loc i ty  potent ia l ;  Ri is the  r ad ius  of the  p e r t u r b e d  r ing  boundary ;  p~ =Pi + Pi~ ( accord -  
ing to  the Lap lace  f o r m u l a ,  pi~ = z/R0~ --  ~ [~i + 02~i/O~]/B~). 

Since Lap lace  equat ion  (2) in the  r ing  p e r m i t s  s e p a r a t i o n  of the  v a r i a b l e s ,  by wr i t i ng  Eq.  {5) in the  f o r m  

R~(t, q~) = Boa(t) + bn(t)cos n% R~(t, q~) = Bo,~(t)+ a~(t) cos nq~ n = t ,  2, 3 .... , (6) 

we  obtain f r o m  Eqso (6), (3), (2) 

~( t ,  r, r = -//o~Bo~ln r + (6~)1+ (SCO)~, (7) 

R~ bn + bn /~o~ % -4- a,] 
(80)~ R~ r" cos n% (~CO)~ = n~ B~ +~ cos nq~. 

/I~O~--I n r  n 

The condi t ion of independence  of the p e r t u r b a t i o n s  of the  inner  and ou te r  b o u n d a r i e s  ((Sq0)z I,-n~-+ 0, (SCO)s [ , ~ - , -  0) 
is  s a t i s f i ed  if at l e a s t  R02(t)/R01 (t) < 0.3, n > 3. Then  with  c o n s i d e r a t i o n  of t h e s e  l i m i t a t i o n s ,  impos ing  ini t ia l  
p e r t u r b a t i o n s  on the  ou te r  and inner  r ing  b o u n d a r i e s :  CO = BolBolln r + (6~)1, Co =/to2-~o-2 In r + (SCO)~, s u b -  
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stituttng these  express ions  in Eqo (4), with considerat ion of the orthogonalt ty of the functions cos ne  on [0, 7r], 
a f t e r  t r an s fo rma t i ons  we obtain 

2~ (i ~.-~,'2~. (8) n~ In e~ -~- (1 --  I ,] 2 (Pg.-- Pl) _j_ ~ -- 1 1, 

]~bn-~- q,'bn~- hlbn= 0; (9) 

~ooln%~_ ~ 2 [ i n e . _ ( t _  t ) ]  2(P,,--Pl) 2a ( l - l -s~"");  

/,a'~ + lha'~-~ h,an= O, (11) 

where  
2 ) 

- -  R o ,  , ~ a 

I1 = -~ol (t); ql 2hol  (t); h~ h o l - - , ~  ~ ' ( n ~ -  ~) no; = = Ro ~ + p~-----~ h=Ro~(t); q~= 

h~o -4- (n~ -- 1) = 2ho~ (t); h2 [lo~ -- n na. 

Equations (8), (10) desc r ibe  the mot ion of the unper turbed outer  and inner r ing boundar ies ,  while Eqs.  
{9), (11) desc r ibe  the ampli tude of the per tu rba t ions  on the outer  and inner boundar ies ,  r e spec t ive ly .  Fo r  a 
quali tat ive analys is  of the behavior  of per tu rba t ion  ampli tude,  we substi tute in Eqs.  (9) and (11) bn(t) = Zn(t) �9 
R01 (0)/R01 (t) and an(t) =Un(t) R02 (0)/R02t), obtaining 

"" ' [,'~§ I ~  O. Z n t  ]lZn= 0 and 

The invar iants  of these  equations have the f o r m  

Ij ~ o" 13 " 2 = , = --=7,,- Ros + a 
s;1 L Ono, Rg~ ~ " 

where  1~2~ (t), t~2(t) can be obta inedby integrat ing Eqs.  (8), riO)~ It follows f r o m w e l l - k n o w n t h e o r y  of equations 
that at 12 > 0, an(t) osc i l la tes  during ring expansion,  while bn(t) i nc rea se s  exponential ly until I t < 0, i .e. ,  I~21 > 
(n 2-1)a / (oRol) .  F r o m  the l a t t e r  inequality it follows that since n c h a r a c t e r i z e s  the f requency of the p e r t u r b a -  
t ions,  the upper  f requency l imit  of the s p e c t r u m  of exponential ly increas ing  per turba t ions  has the f o r m  

~/// / Ott~' (O)/2 2nR~ (t) "~ (O)p~, (O)/2 - PR~ ,~  = V T w e  2~ (t), (12) - "---6--- = 4 w e - N ~  

where  ~?(t) is the d imens ion less  kinetie energy  of a sur face  l aye r  of liquid of unit th ickness .  

Cr i t e r ion  (12) may  be r ewr i t t en  in the f o r m  n< n* = (4?teE(t))1/2, where  n* is the upper  f requency l imit  
of exponential ly developing initial pe r tu rba t ions  on the outer  sur face  of a r ing of an ideal incompress ib le  liquid. 
The right side of this inequality coincides to the accu racy  of the densi ty of the med ium and the exponent with 
the empi r i ca l  p a r a m e t e r  W (t), defining the f requency c h a r a c t e r i s t i c  of the per tu rba t ions  developing on the 
outer  surface  of an expanding g a s - l i q u i d  r ing.  

Thus, in both cases  the f requency c h a r a c t e r i s t i c s  of the developing initial per tu rba t ions  depend on the 
product  of the initial Weber number  value for  the expanding r ing and the cur ren t  value of the specif ic  kinetic 
energy of a r ing surface  l aye r  of unit th ickness .  
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